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ABSTRACT
Various applications of quantum algebraic techniques in nuclear structure physics,
such as the suq(2) rotator model and its extensions, the use of deformed bosons
in the description of pairing correlations, and the construction of deformed exactly
soluble models (Interacting Boson Model, Moszkowski model) are briefly reviewed.
Emphasis is put in the study of the symmetries of the anisotropic quantum har-
monic oscillator with rational ratios of frequencies, which underly the structure of
superdeformed and hyperdeformed nuclei, the Bloch–Brink α-cluster model and
possibly the shell structure in deformed atomic clusters.
1. Introduction
Quantum algebras 1,2 (also called quantum groups) are deformed versions of the
usual Lie algebras, to which they reduce when the deformation parameter q is set
equal to unity. Their use in physics became popular with the introduction 3−5 of
the q-deformed harmonic oscillator as a tool for providing a boson realization of the
quantum algebra suq(2), although similar mathematical structures had already been
known 6,7. Initially used for solving the quantum Yang–Baxter equation, quantum
algebras have subsequently found applications in several branches of physics, as, for
example, in the description of spin chains, squeezed states, rotational and vibrational
nuclear and molecular spectra, and in conformal field theories. By now several kinds
of generalized deformed oscillators 8−12 and generalized deformed su(2) algebras 13−19
have been introduced.
Here we shall confine ourselves to applications of quantum algebras in nuclear
structure physics. A brief description will be given of the suq(2) rotator model
20−25
and its extensions 13,26, of the use of deformed oscillators in the description of pairing
correlations 27−29, and of the formulation of deformed exactly soluble models (Inter-
acting Boson Model 30, Moszkowski model 31−33). The purpose of this short review is
to provide the reader with references for further reading. Subsequently, the symme-
tries of the anisotropic quantum harmonic oscillator with rational ratios of frequencies
will be considered in more detail, since they are of current interest 34,35 in connection
with superdeformed and hyperdeformed nuclei 36,37, α-cluster configurations in light
nuclei 38−40, and possibly with deformed atomic clusters 41,42.
2. The suq(2) rotator model
The first application of quantum algebras in nuclear physics was the use of the
deformed algebra suq(2) for the description of the rotational spectra of deformed
20,21
and superdeformed 22 nuclei. The same technique has been used for the description
of rotational spectra of diatomic molecules 23. The Hamiltonian of the q-deformed
rotator is proportional to the second order Casimir operator of the suq(2) algebra. Its
Taylor expansion contains powers of J(J + 1) (where J is the angular momentum),
being similar to the expansion provided by the Variable Moment of Inertia (VMI)
model. Furthermore, the deformation parameter τ (with q = eiτ ) has been found to
correspond to the softness parameter of the VMI model 21.
B(E2) transition probabilities have also been described in this framework 24. In
this case the q-deformed Clebsch–Gordan coefficients are used instead of the normal
ones. (It should be noticed that the q-deformed angular momentum theory has al-
ready been much developed 24.) The model predicts an increase of the B(E2) values
with angular momentum, while the rigid rotator model predicts saturation. Some
experimental results supporting this prediction already exist 24.
3. Extensions of the suq(2) model
The suq(2) model has been successful in describing rotational nuclear spectra. For
the description of vibrational and transitional nuclear spectra it has been found 26
that J(J + 1) has to be replaced by J(J + c). The additional parameter c allows for
the description of nuclear anharmonicities in a way similar to that of the Interacting
Boson Model (IBM) 43,44 and the Generalized Variable Moment of Inertia (GVMI)
model 45.
Another generalization is based on the use of the deformed algebra suΦ(2)
13,
which is characterized by a structure function Φ. The usual su(2) and suq(2) algebras
are obtained for specific choices of the structure function Φ. The suΦ(2) algebra
has been constructed so that its representation theory resembles as much as possible
the representation theory of the usual su(2) algebra. Using this technique one can
construct, for example, a rotator having the same spectrum as the one given by the
Holmberg–Lipas formula 46. In addition to the generalized deformed su(2) algebra,
generalized deformed oscillators 8−12 have also been introduced and found useful in
many physical applications.
4. Pairing correlations
It has been found 27 that correlated fermion pairs coupled to zero angular momen-
tum in a single-j shell behave approximately as suitably defined q-deformed bosons.
After performing the same boson mapping to a simple pairing Hamiltonian, one sees
that the pairing energies are also correctly reproduced up to the same order. The
deformation parameter used (τ = ln q) is found to be inversely proportional to the
size of the shell, thus serving as a small parameter.
The above mentioned system of correlated fermion pairs can be described exactly
by suitably defined generalized deformed bosons 28. Then both the commutation
relations are satisfied exactly and the pairing energies are reproduced exactly. The
spectrum of the appropriate generalized deformed oscillator corresponds, up to first
order perturbation theory, to a harmonic oscillator with an x4 perturbation.
5. q-deformed versions of nuclear models
A q-deformed version of a two dimensional toy Interacting Boson Model (IBM)
has been developed 30, mainly for testing the ways in which spectra and transition
probabilities are influenced by the q-deformation. A q-deformed version of the full
IBM is under development, while a q-deformed version of the vibron model, which
uses the IBM techniques in the case of molecules, has already been developed 47.
Furthermore a q-deformed version of the Moszkowski model has been developed
31 and RPA modes have been studied 32 in it. A q-deformed Moszkowski model with
cranking has also been studied 33 in the mean-field approximation. It has been seen
that the residual interaction simulated by the q-deformation is felt more strongly by
states with large Jz. The possibility of using q-deformation in assimilating tempera-
ture effects is under discussion.
6. Anisotropic quantum harmonic oscillator with rational ratios of fre-
quencies
The symmetries of the 3-dimensional anisotropic quantum harmonic oscillator
with rational ratios of frequencies (RHO) are of high current interest in nuclear
physics, since they are the basic symmetries 34,35 underlying the structure of superde-
formed and hyperdeformed nuclei 36,37. The 2-dimensional RHO is also of interest, in
connection with “pancake” nuclei, i.e. very oblate nuclei 35. Cluster configurations in
light nuclei can also be described in terms of RHO symmetries 38,39, which underlie
the geometrical structure of the Bloch–Brink α-cluster model 40. The 3-dim RHO is
also of interest for the interpretation of the observed shell structure in atomic clus-
ters 41, especially after the realization 42 that large deformations can occur in such
systems.
The two-dimensional 48−53 and three-dimensional 54−60 anisotropic harmonic os-
cillators have been the subject of several investigations, both at the classical and the
quantum mechanical level. These oscillators are examples of superintegrable systems
61. The special cases with frequency ratios 1:2 62,63 and 1:3 64 have also been consid-
ered. While at the classical level it is clear that the su(N) or sp(2N,R) algebras can
be used for the description of the N-dimensional anisotropic oscillator, the situation
at the quantum level, even in the two-dimensional case, is not as simple.
In this section we are going to prove that a generalized deformed u(2) algebra is
the symmetry algebra of the two-dimensional anisotropic quantum harmonic oscilla-
tor, which is the oscillator describing the single-particle level spectrum of “pancake”
nuclei, i.e. of triaxially deformed nuclei with ωx >> ωy, ωz
35.
6.1. The deformed u(2) algebra
Let us consider the system described by the Hamiltonian:
H =
1
2
(
px
2 + py
2 +
x2
m2
+
y2
n2
)
, (1)
where m and n are two natural numbers mutually prime ones, i.e. their great common
divisor is gcd(m,n) = 1.
We define the creation and annihilation operators 48
a† = x/m−ipx√
2
, a = x/m+ipx√
2
,
b† = y/n−ipy√
2
, b = y/n+ipy√
2
.
(2)
These operators satisfy the commutation relations:
[
a, a†
]
=
1
m
,
[
b, b†
]
=
1
n
, other commutators = 0. (3)
Using Eqs (2) and (3) we can prove by induction that:
[
a,
(
a†
)p]
= p
m
(
a†
)p−1
,
[
b,
(
b†
)p]
= p
n
(
b†
)p−1
,
[
a†, (a)p
]
= − p
m
(a)p−1 ,
[
b†, (b)p
]
= − p
n
(b)p−1 .
Defining
U =
1
2
{
a, a†
}
, W =
1
2
{
b, b†
}
,
one can easily prove that:[
U,
(
a†
)p]
= p
m
(
a†
)p
,
[
W,
(
b†
)p]
= p
n
(
b†
)p
,
[U, (a)p] = − p
m
(a)p , [W, (b)p] = − p
n
(b)p .
Using the above properties we can define the enveloping algebra generated by the
operators:
S+ =
(
a†
)m
(b)n , S− = (a)
m
(
b†
)n
,
S0 =
1
2
(U −W ) , H = U +W.
(4)
These genarators satisfy the following relations:
[S0, S±] = ±S±, [H,Si] = 0, for i = 0,±, (5)
and
S+S− =
m∏
k=1
(
U − 2k − 1
2m
)
n∏
ℓ=1
(
W +
2ℓ− 1
2n
)
,
S−S+ =
m∏
k=1
(
U +
2k − 1
2m
)
n∏
ℓ=1
(
W − 2ℓ− 1
2n
)
.
The fact that the operators Si, i = 0,± are integrals of motion has been already
realized in 48.
The above relations mean that the harmonic oscillator of Eq. (1) is described
by the enveloping algebra of the generalization of the u(2) algebra formed by the
generators S0, S+, S− and H , satisfying the commutation relations of Eq. (5) and
[S−, S+] = Fm,n(H,S0 + 1)− Fm,n(H,S0),
where Fm,n(H,S0) =
m∏
k=1
(
H/2 + S0 − 2k−12m
) n∏
ℓ=1
(
H/2− S0 + 2ℓ−12n
)
.
(6)
In the case of m = 1, n = 1 this algebra is the usual u(2) algebra, and the operators
S0, S± satisfy the commutation relations of the ordinary u(2) algebra, since in this
case one easily finds that
[S−, S+] = −2S0.
In the rest of the cases, the algebra is a deformed version of u(2), in which the
commutator [S−, S+] is a polynomial of S0 of order m + n − 1. In the case with
m = 1, n = 2 one has
[S−, S+] = 3S
2
0 −HS0 −
H2
4
+
3
16
,
i.e. a polynomial quadratic in S0 occurs, while in the case of m = 1, n = 3 one finds
[S−, S+] = −4S30 + 3HS20 −
7
9
S0 − H
3
4
+
H
4
,
i.e. a polynomial cubic in S0 is obtained.
6.2. The representations
The finite dimensional representation modules of this algebra can be found using
the concept of the generalized deformed oscillator 8, in a method similar to the one
used in Ref. 65 for the study of quantum superintegrable systems. The operators:
A† = S+, A = S−, N = S0 − u, u = constant, (7)
where u is a constant to be determined, are the generators of a deformed oscillator
algebra:[
N ,A†
]
= A†, [N ,A] = −A, A†A = Φ(H,N ), AA† = Φ(H,N + 1).
The structure function Φ of this algebra is determined by the function Fm,n in Eq.
(6):
Φ(H,N ) = Fm,n(H,N + u) =
=
m∏
k=1
(
H/2 +N + u− 2k−1
2m
) n∏
ℓ=1
(
H/2−N − u+ 2ℓ−1
2n
)
.
(8)
The deformed oscillator corresponding to the structure function of Eq. (8) has an
energy dependent Fock space of dimension N + 1 if
Φ(E, 0) = 0, Φ(E,N + 1) = 0, Φ(E, k) > 0, for k = 1, 2, . . . , N. (9)
The Fock space is defined by:
H|E, k >= E|E, k >, N|E, k >= k|E, k >, a|E, 0 >= 0, (10)
A†|E, k >=
√
Φ(E, k + 1)|E, k + 1 >, A|E, k >=
√
Φ(E, k)|E, k − 1 > . (11)
The basis of the Fock space is given by:
|E, k >= 1√
[k]!
(
A†
)k |E, 0 >, k = 0, 1, . . .N,
where the “factorial” [k]! is defined by the recurrence relation:
[0]! = 1, [k]! = Φ(E, k)[k − 1]! .
Using the Fock basis we can find the matrix representation of the deformed oscillator
and then the matrix representation of the algebra of Eqs (5), (6). The solution of
Eqs (9) implies the following pairs of permitted values for the energy eigenvalue E
and the constant u:
E = N +
2p− 1
2m
+
2q − 1
2n
, (12)
where p = 1, 2, . . . , m, q = 1, 2, . . . , n, and
u =
1
2
(
2p− 1
2m
− 2q − 1
2n
−N
)
,
the corresponding structure function being given by:
Φ(E, x) = ΦN(p,q)(x) =
=
m∏
k=1
(
x+
2p− 1
2m
− 2k − 1
2m
)
n∏
ℓ=1
(
N − x+ 2q − 1
2n
+
2ℓ− 1
2n
)
=
1
mmnn
Γ (mx+ p)
Γ (mx+ p−m)
Γ ((N − x)n + q + n)
Γ ((N − x)n + q) .
(13)
In all these equations one has N = 0, 1, 2, . . ., while the dimensionality of the repre-
sentation is given by N + 1. Eq. (12) means that there are m · n energy eigenvalues
corresponding to each N value, each eigenvalue having degeneracy N + 1. (Later
we shall see that the degenerate states corresponding to the same eigenvalue can be
labelled by an “angular momentum”.)
It is useful to show at this point that a few special cases are in agreement with
results already existing in the literature.
i) In the case m = 1, n = 1 Eq. (13) gives
Φ(E, x) = x(N + 1− x),
while Eq. (12) gives
E = N + 1,
in agreement with Sec. IV.A of Ref. 65.
ii) In the case m = 1, n = 2 one obtains for q = 2
Φ(E, x) = x(N + 1− x)
(
N +
3
2
− x
)
, E = N +
5
4
,
while for q = 1 one has
Φ(E, x) = x(N + 1− x)
(
N +
1
2
− x
)
, E = N +
3
4
.
These are in agreement with the results obtained in Sec. IV.F of Ref. 65 for the Holt
potential (for δ = 0).
iii) In the case m = 1, n = 3 one has for q = 1
Φ(E, x) = x(N + 1− x)
(
N +
1
3
− x
)(
N +
2
3
− x
)
, E = N +
2
3
,
while for q = 2 one obtains
Φ(E, x) = x(N + 1− x)
(
N +
2
3
− x
)(
N +
4
3
− x
)
, E = N + 1,
and for q = 3 one gets
Φ(E, x) = x(N + 1− x)
(
N +
4
3
− x
)(
N +
5
3
− x
)
, E = N +
4
3
.
These are in agreement with the results obtained in Sec. IV.D of Ref. 65 for the
Fokas–Lagerstrom potential.
In all of the above cases we remark that the structure function has the form
Φ(x) = x(N + 1− x)(λ+ µx+ νx2 + ρx3 + σx4 + . . . ,
which corresponds to a generalized deformed parafermionic algebra 66 of order N , if
λ, µ, ν, ρ, σ, . . . , are real constants satisfying the conditions
λ+ µx+ νx2 + ρx3 + σx4 + . . . > 0, x ∈ {1, 2, . . . , N}.
These conditions are indeed satisfied in all cases. It is easy to see that the obtained
algebra corresponds to this of the generalized parafermionic oscillator in all cases with
frequency ratios 1 : n.
The energy formula can be corroborated by using the corresponding Schro¨dinger
equation. For the Hamiltonian of Eq. (1) the eigenvalues of the Schro¨dinger equation
are given by:
E =
1
m
(
nx +
1
2
)
+
1
n
(
ny +
1
2
)
, (14)
where nx = 0, 1, . . . and ny = 0, 1, . . .. Comparing Eqs (12) and (14) one concludes
that:
N = [nx/m] + [ny/n] ,
where [x] is the integer part of the number x, and
p = mod(nx, m) + 1, q = mod(ny, n) + 1.
The eigenvectors of the Hamiltonian can be parametrized by the dimensionality
of the representation N , the numbers p, q, and the number k = 0, 1, . . . , N . k can be
identified as [nx/m]. One then has:
H
∣∣∣∣∣ N(p, q) , k
〉
=
(
N +
2p− 1
2m
+
2q − 1
2n
) ∣∣∣∣∣ N(p, q) , k
〉
, (15)
S0
∣∣∣∣∣ N(p, q) , k
〉
=
(
k +
1
2
(
2p− 1
2m
− 2q − 1
2n
−N
)) ∣∣∣∣∣ N(p, q) , k
〉
, (16)
S+
∣∣∣∣∣ N(p, q) , k
〉
=
√
ΦN(p,q)(k + 1)
∣∣∣∣∣ N(p, q) , k + 1
〉
, (17)
S−
∣∣∣∣∣ N(p, q) , k
〉
=
√
ΦN(p,q)(k)
∣∣∣∣∣ N(p, q) , k − 1
〉
. (18)
6.3. The “angular momentum” quantum number
It is worth noticing that the operators S0, S± do not correspond to a generaliza-
tion of the angular momentum, S0 being the operator corresponding to the Fradkin
operator Sxx − Syy 67,68. The corresponding “angular momentum” is defined by:
L0 = −i (S+ − S−) . (19)
The “angular momentum” operator commutes with the Hamiltonian:
[H,L0] = 0.
Let |ℓ > be the eigenvector of the operator L0 corresponding to the eigenvalue ℓ. The
general form of this eigenvector can be given by:
|ℓ >=
N∑
k=0
ikck√
[k]!
∣∣∣∣∣ N(p, q) , k
〉
. (20)
In order to find the eigenvalues of L and the coefficients ck we use the Lanczos
algorithm 69, as formulated in 70. From Eqs (17) and (18) we find
L0|ℓ >= ℓ|ℓ >= ℓ
N∑
k=0
ikck√
[k]!
∣∣∣∣∣ N(p, q) , k
〉
=
= 1
i
N−1∑
k=0
ikck
√
ΦN
(p,q)
(k+1)√
[k]!
∣∣∣∣∣ N(p, q) , k + 1
〉
− 1
i
N∑
k=1
ikck
√
ΦN
(p,q)
(k)√
[k]!
∣∣∣∣∣ N(p, q) , k − 1
〉
From this equation we find that:
ck = (−1)k2−k/2Hk(ℓ/
√
2)/N , N 2 =
N∑
n=0
2−nH2n(ℓ/
√
2)
where the function Hk(x) is a generalization of the “Hermite” polynomials (see also
71,72), satisfying the recurrence relations:
H−1(x) = 0, H0(x) = 1,
Hk+1(x) = 2xHk(x)− 2ΦN(p,q)(k)Hk−1(x),
and the “angular momentum” eigenvalues ℓ are the roots of the polynomial equation:
HN+1(ℓ/
√
2) = 0. (21)
Therefore for a given value of N there are N + 1 “angular momentum” eigenvalues
ℓ, symmetric around zero (i.e. if ℓ is an “angular momentum” eigenvalue, then −ℓ
is also an “angular momentum” eigenvalue). In the case of the symmetric harmonic
oscillator (m/n = 1/1) these eigenvalues are uniformly distributed and differ by 2. In
the general case the “angular momentum” eigenvalues are non-uniformly distributed.
For small values of N analytical formulae for the “angular momentum” eigenvalues
can be found 71. Remember that to each value of N correspond m · n energy levels,
each with degeneracy N + 1.
In order to have a formalism corresponding to the one of the isotropic oscillator,
let us introduce for every N and (p, q) an ordering of the “angular momentum”
eigenvalues
ℓL,(p,q)m , where L = N and m = −L,−L + 2, . . . , L− 2, L,
by assuming that:
ℓL,(p,q)m ≤ ℓL,(p,q)n if m < n,
the corresponding eigenstate being given by:
|L,m; (p, q)〉 =
N∑
k=0
(−i)kHk(ℓL,(p,q)m /
√
2)
N
√
2k/2[k]!
∣∣∣∣∣ N(p, q) , k
〉
. (22)
The above vector elements constitute the analogue corresponding to the basis of
“spherical harmonic” functions of the usual oscillator.
6.4. Examples
For illustrative purposes, let us discuss a couple of examples in more detail.
i) In the case m = 1, n = 1 the only (p, q) value allowed is (1, 1). In the Cartesian
notation |nxny > the lowest energy corresponds to the state |00 >, the next energy
level corresponds to the two states |10 > and |01 >, while the next energy corresponds
to the three states |20 >, |11 >, |02 >. In the notation used in Eqs (15)-(18) these
states can be written as
N(p, q) = 0(1, 1), E = 1 → |00 >=
∣∣∣∣∣ 0(1, 1) , 0
〉
,
N(p, q) = 1(1, 1), E = 2 →


|01 >=
∣∣∣∣∣ 1(1, 1) , 0
〉
|10 >=
∣∣∣∣∣ 1(1, 1) , 1
〉
,
N(p, q) = 2(1, 1), E = 3 →


|02 >=
∣∣∣∣∣ 2(1, 1) , 0
〉
|11 >=
∣∣∣∣∣ 2(1, 1) , 1
〉
|20 >=
∣∣∣∣∣ 2(1, 1) , 2
〉
.
From this example it is clear that the irreducible representations (irreps) are char-
acterized by the quantum numbers N and (p, q), while k enumerates the degenerate
states within each irrep. The lowest irrep, characterized by N = 0 and (p, q) = (1, 1),
has dimension d = 1, while the next irrep has N = 1, (p, q) = (1, 1) and d = 2 and
the third one N = 2, (p, q) = (1, 1) and d = 3.
Using the “angular momentum” eigenvalues defined by Eqs (21) and (22) we find:
E = 1 → |0, 0; (1, 1)〉 = |0, 0 >, ← ℓ0,(1,1)0 = 0,
E = 2 →

 |1,−1; (1, 1)〉 =
1√
2
(|01 > +i|1, 0 >) ← ℓ1,(1,1)(−1) = −1
|1,+1; (1, 1)〉 = 1√
2
(|01 > −i|1, 0 >) ← ℓ1,(1,1)(+1) = 1,
E = 3 →


|2,−2; (1, 1)〉 = 1
2
|0, 2 > + i√
2
|1, 1 > −1
2
|2, 0 > ← ℓ2,(1,1)(−2) = −2
|2, 0; (1, 1)〉 = 1√
2
|0, 2 > + 1√
2
|2, 0 > ← ℓ2,(1,1)(0) = 0
|2,+2; (1, 1)〉 = 1
2
|0, 2 > − i√
2
|1, 1 > −1
2
|2, 0 > ← ℓ2,(1,1)(+2) = +2.
We see therefore that the angular momentum eigenvalues l can be used, instead of k,
for enumerating the degenerate states within each irrep.
ii) In the case m = 1, n = 2 the allowed values of (p, q) are (1, 1) and (1, 2).
The lowest irrep is characterized by N = 0, (p, q) = (1, 1), has dimension d = 1
and contains the state |nx, ny >= |00 >, the next irrep is characterized by N = 0,
(p, q) = (1, 2), has d = 1 and contains the state |01 >, the third irrep has N = 1,
(p, q) = (1, 1), d = 2 and contains the states |10 > and |02 >, the fourth irrep has
N = 1, (p, q) = (1, 2), d = 2 and contains the states |11 > and |03 >, the fifth irrep
has N = 2, (p, q) = (1, 1), d = 3 and contains the states |20 >, |12 > and |04 >, the
sixth irrep has N = 2, (p, q) = (1, 2), d = 3 and contains the states |21 >, |13 > and
|05 >. The states are listed in both notations below:
E =
3
4
→ |00 >=
∣∣∣∣∣ 0(1, 1) , 0
〉
, E =
5
4
→ |01 >=
∣∣∣∣∣ 0(1, 2) , 0
〉
,
E =
7
4
→


|02 >=
∣∣∣∣∣ 1(1, 1) , 0
〉
|10 >=
∣∣∣∣∣ 1(1, 1) , 1
〉
,
E =
9
4
→


|03 >=
∣∣∣∣∣ 1(1, 2) , 0
〉
|11 >=
∣∣∣∣∣ 1(1, 2) , 1
〉
,
E =
11
4
→


|04 >=
∣∣∣∣∣ 2(1, 1) , 0
〉
|12 >=
∣∣∣∣∣ 2(1, 1) , 1
〉
|20 >=
∣∣∣∣∣ 2(1, 1) , 2
〉
,
E =
13
4
→


|05 >=
∣∣∣∣∣ 2(1, 2) , 0
〉
|13 >=
∣∣∣∣∣ 2(1, 2) , 1
〉
|21 >=
∣∣∣∣∣ 2(1, 2) , 2
〉
.
Using the “angular momentum” eigenvalues defined by Eqs (21) and (22) we find:
E =
3
4
→ |0, 0; (1, 1)〉 = |0, 0 >, ← ℓ0,(1,1)0 = 0,
E =
5
4
→ |0, 0; (1, 2)〉 = |0, 1 >, ← ℓ0,(1,2)0 = 0,
E =
7
4
→

 |1,−1; (1, 1)〉 =
1√
2
(|0, 2 > +i|1, 0 >) ← ℓ1,(1,1)(−1) = − 1√2
|1,+1; (1, 1)〉 = 1√
2
(|0, 2 > −i|1, 0 >) ← ℓ1,(1,1)(+1) = 1√2 ,
E =
9
4
→

 |1,−1; (1, 2)〉 =
1√
2
(|0, 3 > +i|1, 1 >) ← ℓ1,(1,2)(−1) = −
√
3
2
|1,+1; (1, 2)〉 = 1√
2
(|0, 3 > −i|1, 1 >) ← ℓ1,(1,2)(+1) =
√
3
2
,
E =
11
4
→


|2,−2; (1, 1)〉 =
√
3
8
|0, 4 > + i√
2
|1, 2 > − 1√
8
|2, 0 > ← ℓ2,(1,1)(−2) = −2
|2, 0; (1, 1)〉 = 1
2
|0, 4 > +
√
3
2
|2, 0 > ← ℓ2,(1,1)(0) = 0
|2,+2; (1, 1)〉 =
√
3
8
|0, 4 > − i√
2
|1, 2 > − 1√
8
|2, 0 > ← ℓ2,(1,1)(+2) = +2,
E =
13
4
→


|2,−2; (1, 2)〉 =
√
5
4
|0, 5 > + i√
2
|1, 3 > −
√
3
4
|2, 1 > ← ℓ2,(1,2)(−2) = −
√
8
|2, 0; (1, 2)〉 =
√
3
8
|0, 5 > +
√
3
8
|2, 1 > ← ℓ2,(1,2)(0) = 0
|2,+2; (1, 2)〉 =
√
5
4
|0, 5 > − i√
2
|1, 3 > −
√
3
4
|2, 1 > ← ℓ2,(1,2)(+2) =
√
8.
The following remarks can now be made:
i) In the basis described by Eqs (15)-(18) it is a trivial matter to distinguish the
states belonging to the same irrep for any m : n ratio, while in the Cartesian basis
this is true only in the 1:1 case.
ii) In the 1:2 case we see that the irreps have degeneracies 1, 1, 2, 2, 3, 3, 4, 4,
. . . , i.e. “two copies” of the u(2) degeneracies 1, 2, 3, 4, . . . are obtained.
iii) In the 1:3 cases the degeneracies are 1, 1, 1, 2, 2, 2, 3, 3, 3, . . . , i.e. “three
copies” of the u(2) degeneracies are obtained.
iv) It can be easily seen that the 1:n case corresponds to “n copies” of the u(2)
degeneracies.
v) Cases with both m, n different from unity show more complicated degeneracy
patterns, also correctly reproduced by the above formalism. In the 2:3 case, for
example, the degeneracy pattern is 1, 1, 1, 1, 1, 2, 1, 2, 2, 2, 2, 3, 2, 3, 3, . . . .
vi) The only requirement for each energy eigenvalue to correspond to one irrep of
the algebra is that m and n have to be mutually prime numbers. If m and n possess a
common divisor other than 1, then some energy eigenvalues will correspond to sums
of irreps, i.e. to reducible representations.
vii) The difference between the formalism used here and the one used in 54,56,57,60 is
that in the latter case for given m and n appropriate operators have to be introduced
separately for each set of (p, q) values, while in the present case only one set of
operators is introduced.
6.5. Connection to W
(2)
3
For the special case m = 1, n = 2 it should be noticed that the deformed alge-
bra received here coincides with the finite W algebra W
(2)
3
73−76. The commutation
relations of the W
(2)
3 algebra are
[HW , EW ] = 2EW , [HW , FW ] = −2FW , [EW , FW ] = H2W + CW ,
[CW , EW ] = [CW , FW ] = [CW , HW ] = 0,
while in the m = 1, n = 2 case one has the relations
[N ,A†] = A†, [N ,A] = −A, [A,A†] = 3S20 −
H2
4
−HS0 + 3
16
,
[H,A†] = [H,A] = [H,S0] = 0,
with S0 = N + u (where u a constant). It is easy to see that the two sets of commu-
tation relations are equivalent by making the identifications
FW = σA†, EW = ρA, HW = −2S0 + kH, CW = f(H),
with
ρσ =
4
3
, k =
1
3
, f(H) = −4
9
H2 +
1
4
.
6.6. Summary
In conclusion, the two-dimensional anisotropic quantum harmonic oscillator with
rational ratio of frequencies equal to m/n, is described dynamically by a deformed
version of the u(2) Lie algebra, the order of this algebra being m+ n− 1. The repre-
sentation modules of this algebra can be generated by using the deformed oscillator
algebra. The energy eigenvalues are calculated by the requirement of the existence of
finite dimensional representation modules. An “angular momentum” operator useful
for labelling degenerate states has also been constructed. The algebras obtained in the
special cases with 1 : n ratios are shown to correspond to generalized parafermionic
oscillators. In the special case ofm : n = 1 : 2 the resulting algebra has been identified
as the finite W algebra W
(2)
3 .
The extension of the present method to the three-dimensional anisotropic quan-
tum harmonic oscillator is already receiving attention, since it is of clear interest in
the study of the symmetries underlying the structure of superdeformed and hyperde-
formed nuclei.
7. References
1. V. G. Drinfeld, in Proceedings of the International Congress of Mathemati-
cians, ed. A. M. Gleason (American Mathematical Society, Providence, RI,
1986), p. 798.
2. M. Jimbo, Lett. Math. Phys. 11 (1986) 247.
3. L. C. Biedenharn, J. Phys. A 22 (1989) L873.
4. A. J. Macfarlane, J. Phys. A 22 (1989) 4581.
5. C. P. Sun and H. C. Fu, J. Phys. A 22 (1989) L983.
6. M. Arik and D. D. Coon, J. Math. Phys. 17 (1976) 524.
7. V. V. Kuryshkin, Annales de la Fondation Louis de Broglie 5 (1980) 111.
8. C. Daskaloyannis, J. Phys. A 24 (1991) L789.
9. M. Arik, E. Demircan, T. Turgut, L. Ekinci, and M. Mungan, Z. Phys. C 55
(1992) 89.
10. T. Brzezin´ski, I. L. Egusquiza, and A. J. Macfarlane, Phys. Lett. B 311 (1993)
202.
11. D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 307 (1993) 100.
12. S. Meljanac, M. Milekovic, and S. Pallua, Phys. Lett. B 328 (1994) 55.
13. D. Bonatsos, C. Daskaloyannis, and P. Kolokotronis, J. Phys. A 26 (1993)
L871.
14. C. Delbecq and C. Quesne, J. Phys. A 26 (1993) L127.
15. C. Delbecq and C. Quesne, Phys. Lett. B 300 (1993) 227.
16. C. Delbecq and C. Quesne, Mod. Phys. Lett. A 8 (1993) 961.
17. A. Ludu and R. K. Gupta, J. Math. Phys. 34 (1993) 5367.
18. C. P. Sun and W. Li, Commun. Theor. Phys. 19 (1993) 191.
19. F. Pan, J. Math. Phys. 35 (1994) 5065.
20. P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, J. Phys. G 16 (1990) L137.
21. D. Bonatsos, E. N. Argyres, S. B. Drenska, P. P. Raychev, R. P. Roussev and
Yu. F. Smirnov, Phys. Lett. B 251 (1990) 477.
22. D. Bonatsos, S. B. Drenska, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov,
J. Phys. G 17 (1991) L67.
23. D. Bonatsos, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov, Chem. Phys.
Lett. 175 (1990) 300.
24. D. Bonatsos, A. Faessler, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov,
J. Phys. A 25 (1992) 3275.
25. N. Minkov, R. P. Roussev and P. P. Raychev, J. Phys. G 20 (1994) L67.
26. D. Bonatsos, C. Daskaloyannis, A. Faessler, P. P. Raychev and R. P. Roussev,
Phys. Rev. C 50 (1994) 497.
27. D. Bonatsos, J. Phys. A 25 (1992) L101.
28. D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 278 (1992) 1.
29. D. Bonatsos, C. Daskaloyannis and A. Faessler, J. Phys. A 27 (1994) 1299.
30. D. Bonatsos, A. Faessler, P. P. Raychev, R. P. Roussev and Yu. F. Smirnov,
J. Phys. A 25 (1992) L267.
31. D. P. Menezes, S. S. Avancini and C. Provideˆncia, J. Phys. A 25 (1992) 6317.
32. D. Bonatsos, L. Brito, D. P. Menezes, C. Provideˆncia and J. da Provideˆncia,
J. Phys. A 26 (1993) 895, 5185.
33. C. Provideˆncia, L. Brito, J. da Provideˆncia, D. Bonatsos and D. P. Menezes,
J. Phys. G 20 (1994) 1209.
34. B. Mottelson, Nucl. Phys. A 522 1c.
35. W. D. M. Rae, Int. J. Mod. Phys. A 3 (1988) 1343.
36. P. J. Nolan and P. J. Twin, Ann. Rev. Nucl. Part. Sci. 38 (1988) 533.
37. R. V. F. Janssens and T. L. Khoo, Ann. Rev. Nucl. Part. Sci. 41 (1991)
321.
38. W. D. M. Rae and J. Zhang, Mod. Phys. Lett. A 9 (1994) 599.
39. J. Zhang, W. D. M. Rae and A. C. Merchant, Nucl. Phys. A 575 (1994) 61.
40. D. M. Brink, in Proc. Int. School of Physics, Enrico Fermi Course XXXVI,
Varenna 1966, ed. C. Bloch (Academic Press, New York, 1966), p. 247.
41. T. P. Martin, T. Bergmann, H. Go¨hlich and T. Lange, Z. Phys. D 19 (1991)
25.
42. A. Bulgac and C. Lewenkopf, Phys. Rev. Lett. 71 (1993) 4130.
43. F. Iachello and A. Arima, The Interacting Boson Model (Cambridge University
Press, Cambridge, 1987).
44. D. Bonatsos, Interacting Boson Models of Nuclear Structure (Clarendon, Ox-
ford, 1988).
45. D. Bonatsos and A. Klein, Phys. Rev. C 29 (1984) 1879.
46. P. Holmberg and P. Lipas, Nucl. Phys. A 117 (1968) 552.
47. R. N. Alvarez, D. Bonatsos and Yu. F. Smirnov, Phys. Rev. A 50 (1994)
1088.
48. J. M. Jauch and E. L. Hill, Phys. Rev. 57 (1940) 641.
49. Yu. N. Demkov, Soviet Phys. JETP 17 (1963) 1349.
50. G. Contopoulos, Z. Astrophys. 49 (1960) 273; Astrophys. J. 138 (1963) 1297.
51. A. Cisneros and H. V. McIntosh, J. Math. Phys. 11 (1970) 870.
52. O. Castan˜os R. and Lo´pez-Pen˜a, J. Phys. A 25 (1992) 6685.
53. A. Ghosh, A. Kundu and P. Mitra, Saha Institute preprint SINP/TNP/92-5
(1992).
54. F. Duimio and G. Zambotti, Nuovo Cimento 43 (1966) 1203.
55. G. Maiella, Nuovo Cimento 52 (1967) 1004.
56. I. Vendramin, Nuovo Cimento 54 (1968) 190.
57. G. Maiella and G. Vilasi, Lettere Nuovo Cimento 1 (1969) 57.
58. G. Rosensteel and J. P. Draayer, J. Phys. A 22 (1989) 1323.
59. D. Bhaumik, A. Chatterjee and B. Dutta-Roy, J. Phys. A 27 (1994) 1401.
60. W. Nazarewicz and J. Dobaczewski, Phys. Rev. Lett. 68 (1992) 154.
61. J. Hietarinta, Phys. Rep. 147 (1987) 87.
62. C. R. Holt, J. Math. Phys. 23 (1982) 1037.
63. C. P. Boyer and K. B. Wolf, J. Math. Phys. 16 (1975) 2215.
64. A. S. Fokas and P. A. Lagerstrom, J. Math. Anal. Appl. 74 (1980) 325.
65. D. Bonatsos, C. Daskaloyannis and K. Kokkotas, Phys. Rev. A 48 (1993)
R3407; 50 (1994) 3700.
66. C. Quesne, Phys. Lett. A 193 (1994) 245.
67. P. W. Higgs, J. Phys. A 12 (1979) 309.
68. H. I. Leemon, J. Phys. A 12 (1979) 489.
69. C. Lanczos, J. Res. Natl. Bur. Stand. 45 (1950) 255.
70. R. Floreanini, J. LeTourneux and L. Vinet, Ann. Phys. 226 (1993) 331.
71. D. Bonatsos, C. Daskaloyannis, D. Ellinas and A. Faessler, Phys. Lett. B 331
(1994) 150.
72. A. A. Kehagias and G. Zoupanos, Z. Phys. C 62 (1994) 121.
73. T. Tjin, Phys. Lett. B 292 (1992) 60.
74. J. de Boer and T. Tjin, Commun. Math. Phys. 158 (1993) 485.
75. T. Tjin, Ph.D. thesis, U. Amsterdam (1993).
76. J. de Boer, F. Harmsze and T. Tjin, SUNY at Stony Brook preprint ITP-SB-
95-07, hep-th 9503161.
